We examine two-dimensional laminar flow of a liquid with circular hydraulic jump using boundary layer approach, but with the inclusion of a velocity profile approximated by a quadratic function. Our motivation is due to an earlier work of Watson (1964) on radial spread of a liquid over a horizontal plate. We obtain a new relation for the displacement thickness, momentum thickness and position of the jump. Our approximate values based on Pohlhausen (1921) are compared with the exact values due to Blasius (1908) . The comparison shows the error of about 9% in the shear rate relation on the plate and the error of about 3.5% in the thickness ratio. Our values agree to a large extent with the exact values and also show improvement of our work upon that of Watson (1964) with respect to the thickness ratio.
Introduction
It is commonly observed, for example, in a kitchen sink, that a stream of liquid falling vertically on to a horizontal plate spreads out radially in a particular manner. Around the point of impingement there is a circular zone in which a thin layer of liquid moves radially with a high velocity. At the edge of this region the liquid layer abruptly becomes much thicker and consequently flows radially at a much lower velocity. This transformation is called the "hydraulic jump" (Olsson and Turkdogan, 1966 ) . Bush et al. (2006) presented the results of an experimental investigation of the striking flow structures that may arise when a vertical jet of liquid impinges on a thin fluid layer overlying a horizontal boundary. Their experiments revealed a new class of steady asymmetric jump forms that included structures resembling cat's eyes, three -and four -leaf clovers, bowties and butterflies. An extensive parameter study revealed the dependence of the jump on the governing dimensionless groups. The asymmetry-breaking responsible for the asymmetric jumps was interpreted as resulting from a capillary instability of the circular jump. Kate et al. (2007) used an obliquely inclined circular water jet to impinge on a flat horizontal surface which conferred a series of hydraulic jump profiles, pertaining to different jet inclinations and jet velocities. These jump profiles were non-circular, and could be broadly grouped into two categories based on the angle of jet inclinations made with horizontal. In their work they attemted to find a geometric and hydrodynamic characterization of the spatial patterns formed as a consequence of such non-circular hydraulic jump profiles. Flow-visualization experiments were conducted to depict the shape of demarcating boundaries between supercritical and subcritical flow, and the corresponding radial jump locations were obtained.
Again, Kate et al. (2008) used oblique impingement of a circular liquid jet with a horizontal target to obtain hydraulic jumps of unique non-circular shapes. They investigated experimentally the hydrodynamics of this phenomenon and consequently they observed hydraulic jumps of two broad categories. At higher angles of jet inclination, they noticed that the jumps were bounded by a smooth curve, whereas, at lower angles of inclination, typical jump profiles with corners had been observed. Effect of jet inclination angle on jump profile and jump area had also been investigated. Bohr et al. (1993) extended the work on circular hydraulic jump using the shallow water approach. They showed that the circular hydraulic jump could be qualitatively understood using simplified equations of the shallow-water type which included viscosity. They also concluded that it was not possible to determine the position of the jump from ideal theory. Craik et al. (1981) also contributed to the study of circular hydraulic jump using experimental approach. They described new observations of this phenomenon. In addition, they examined a previously unreported instability of the jump and showed this to arise when the local Reynolds number R j just ahead of the jump exceeded a critical value of 147. Watson (1964) studied the motion in the thin layer by means of boundary layer theory but with inclusion of a constant velocity profile. He applied the boundary layer theory to the analysis of flow inside the jump and observed that the depth of the flow was much greater on the outside of the jump than on the inside, and hence the condition at the jump might be simplified. The formation of the thin layer and the circular jump was first noticed by Rayheigh (1914) who derived the properties of bores and jumps.
Other contributors include, notably, Belanger(1938), Bouhadef(1978) , Felice(2005) , Felice and Francesco(2005) , Glauert(1958) , Groves(2004) , Huguera(1994) , Kundu and Cohen(2004) , Rajput(2006) , Rainville and Pinkel(2006) , etc.
In this paper our objective is also to discuss circular hydraulic jump by means of boundary layer theory, but with the inclusion of a velocity profile approximated by a quadratic function. Using approximate method certain parameters have been determined and compared with the exact values. Our results agree reasonably with the exact values and also show improvement upon that of Watson with respect to the thickness ratio.
In this analysis , we shall, for convenience, consider the following regions of flow. Note that x 0 is given by the condition h   , so that the whole flow passes through the boundary layer.
Ideal Theory
The treatment of the problem of two-dimensional flow here applies only to laminar flow in which viscosity is completely neglected. The flow here might be realized by a two-dimensional jet striking a horizontal plane, or by the flow of water under a sluice gate (Glauert,1958) . If the flow were realized physically by one of the methods above, U 0 would be the speed of the impinging jet, or the speed attained by the flow under the sluice gate a short distance downstream of the gate. The ideal or inviscid flow has the uniform depth, a, given by
The characteristic Reynolds number is
Here Q is the volume flux and  the kinematic viscosity. The condition to be applied at the jump (Belanger, 1938) is that the thrust of the pressure is equal to the rate at which momentum is destroyed. If d is the depth outside the jump and h is the depth inside it then the thrust of the pressure per unit length of wave (jump) is
where  is the density and g is the gravitational acceleration. The speed of flow inside the jump is U 0 and outside it is U 1 where
The rate of destruction of momentum per unit length of wave is therefore 
h and setting h = a in (8) and then using (7) Thus, when the depth h is regarded as constant and equal to a, the ideal or inviscid theory, identical with the theory of Rayleigh (1914) , leaves the position of the jump indeterminate as in Bohr et al.(1993) but gives the results (9), or if the pressure thrust ahead of the wave is neglected it leads to (11).
Blasius Solution of Two Dimensional Laminar Boundary Layer Equations
Let x, y be the rectangular coordinates with y vertically upwards and u, v the corresponding velocity components, then the equations for laminar flow are
where Q is the volume flux in the positive x-direction. The total flow from the two-dimensional jet would be 2Q, and the flow under the sluice gate is Q.
A solution of these equations can be found based on Blasius type of velocity profile given by 
Thus the velocity distribution has the Blasius flat-plate profile, and the boundary layer thickness is
Before considering the approximate solution we shall first find the exact solution of the boundary layer equations (12) -(16). Thus following Blasius (1908) , it follows that
The momentum thickness  2 is
From (21) and (22) 
Similarity Solution of the Boundary Layer Equations (12) -(13)
In this section a similarity solution will be derived by direct assumption of the velocity profile approximated by a quadratic function in the form
is the similarity profile function.
When the boundary layer finally absorbs the whole flow the velocity profile changes as x increases from the Blasius profile (17) to the similarity profile (25) -(26). Here U(x) is the speed at the free surface y = h(x) and h(x) is the depth of the fluid on the plane. Using the boundary conditions (14) and (15) we find
and from (16)
Thus Uh is a constant, and (12) then leads to
Using (25) and (29) is greatest at the plate, and it is convenient to write
where k is a number. Using (33) in (32) we find
Multiplying (34) by
Integrating (35) we find.
Using the last two conditions of (27) 
. Substituting these in (39), we find
Separating variables and integrating we obtain
Applying the condition f(1) = 1 of (27) 
Multiplying both sides of (45) 
Therefore, from (49) and (50) (49) into (28) we find
We now solve for U(x) and h(x) for the similarity solution using (33) and (52). Now, from (33) we have
Using (52) in (53) 
Here  is an arbitrary constant whose presence merely indicates that a shift of origin is possible. Accordingly, substituting (56) into (52) and simplifying we find
Equation (56) shows that U(x) varies inversely as x while (57) shows that h(x) grows in direct proportion to x. This is possible within the vicinity of the jump.
Approximate Solution Using Karman-Pohlhausen Method with a Quadratic Function Profile
Karman-Pohlhausen momentum integral equation for two dimensional laminar flow (see Pohlhausen,1921 ) is given by
while the velocity profile approximated by a quadratic function (25 -26) becomes
Here  is the boundary-layer thickness.
From (59) 
using (49), and
Substituting (60), (61) and (62) into the momentum integral equation (58) 
Integrating (63) and simplifying we find 
Comparing (68) with (63) (70) and (75) with the accurate values (20) and (24) shows that the error in the shear rate relation f (0) is about 9% while the error in the thickness ratio  H is about 3.5%. The boundary layer just absorbs the whole flow when x = x 0. When x < x 0 the total depth h is given by the volume flux condition 
